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Abstract
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study. To discuss in detail the computational aspects and the limitations of each of these algorithms, the
first example presented is the identification of the physical parameters of a 3-DOF system. It is shown
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imposed by each of them are satisfied accordingly. To investigate the effects of noisy data on the identi-
fied second order parameters, Monte Carlo simulations are performed on the 3—DOF system at different
noise—to—signal ratios, and the results show that the three algorithms perform quite satisfactorily. The
analysis is than extended to a 120-DOF, 3-D structural system, and in this part of the presentation is-
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discussed. The last sections of the article is devoted to a detailed evaluation of the performance of each
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1 Introduction

In the numerical section of this two—part study, the algorithms that are used to transform identified first—
order models to physically meaningful second—order models of mechanical systems, as discussed in detail
in the first part (Lus et al., 2002b), are applied for the identification of various general mechanical systems.

The first system investigated here is a 3-DOF (degree of freedom) model, that consists of three concen-
trated masses that are properly connected/restrained with linear springs and are subjected to point forces.
The first order models for such a structure are obtained from general input/output data via the OKID/ERA
algorithm (as discussed by Juang and Pappa (1985); Juang et al. (1988, 1993) and Lus et al. (1999, 2002);
Lus (2001)). The purpose of this example is to illustrate the characteristics, potentials, and the limitations
of each of the presented approaches in view of different sensor/actuator scenarios. The identifications are
performed with noise free data so as not to induce any spurious errors.

In order to evaluate the effects of noise perturbations on the identified physical parameter estimates, a
Monte Carlo type analysis is performed on the 3—DOF system. In this case, various signal to noise ratios for
the output time histories are considered, and multiple simulations are performed at each noise level in order
to get statistically meaningful results.

To present a much more complicated case study, we also present the applications of the algorithms to
the identification of the physical parameters of a 120—-DOF, 3-D model of a building. It is shown in this case
that even in the presence of modal truncation and insufficient instrumentation, it is still possible to estimate
the physical mass, damping, and stiffness parameters of the system in relation to the existing sensor—actuator
set—up. This article is concluded with detailed discussions regarding the performances and computational

complexities of the three algorithms.

2 Brief review of the problem

The general review of the problem under investigation was presented in great detail in the companion paper
(Lus et al., 2002b); therefore, in order to remind the reader of the notation employed, here we present only

the main equations involved in the various models. This study focuses on linear, time invariant mechanical
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systems for which the equation of motion and the observation equation can be written as

My(t) + Dq(t) + Kq(t) = Bu(t) (1a)
Cpq<t>

y(t) = | Cuq(t) (1b)
Cuq(t)

where M € RY N D € RV N and K € RV V are the symmetric positive definite mass, damping,
and stiffness matrices, respectively, and q(t) represents the generalized nodal displacement vector with (")
and (") denoting first and second order derivatives with respect to time. The matrix B € RV 7 is called
the second order input matrix, and it relates the excitations in the input vector u(t) € R” ! to the degrees
of freedom (DOFs) of the model. The measurement vector y(t) € R™ ! can, in general, include position,
velocity, and/or acceleration measurements obtained at various DOFs, and is related to these nodal quantities
through the output matrices C,, C,, and C,, respectively.

The problem we are studying is the construction of the second order coefficient matrices of eqs.(1),
namely the mass, damping, and stiffness matrices, from an identified state space realization of the me-
chanical system. Here we assume that this initial first order state space realization is identified with the
OKID/ERA approach for a general input/output data, or with just the ERA approach if the pulse response
data is available (the details regarding these algorithms can be found in the works of Juang and Pappa (1985);
Juang et al. (1988, 1993) and Lus et al. (1999, 2002); Lus (2001)). The result of these algorithms is a dis-
crete time first order state space model, which is the starting point for the discussions in this study. Here we
assume that this discrete time system is converted to its continuous time counterpart by employing the zero

order hold assumption, and denote the continuous time system by

#(t) = Acz(t) + Beu(t) (2a)
y(t) = Ccxz(t) (2b)
or, in some modal coordinates, by
Z(t) = AZ(t) + ¢ 'Beu(t) (3a)
y(t) = Cowpz(t) (3b)

where the 2N x 2N diagonal matrix A contains the continuous time poles ; of the system, and the matrix
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 contains the eigenvectors of the matrix A . Note that here a direct transmission term (Du(t)) has been
omitted since it has no bearings on the following discussions.

With these brief definitions, we are now ready to present and discuss the results of various numerical
examples. Further details and definitions omitted in this presentation can be found in the companion paper

by Lus et al. (2002b).

3 Identification with noise free data

In order to give a detailed presentation of the stages involved in each of the methodologies, the first example
we consider is the 3-DOF system shown in Fig.1. This system was previously studied by Agbabian et al.
(1991) and Koh and See (1993) in different contexts (a weighted least squares approach for eq.(1) and an
adaptive version of the extended Kalman filter), so that it may present the reader with an opportunity in terms
of comparisons with various other system identification techniques. The values for the mass, damping and
stiffness matrices used in this study are presented in Table 1, and the undamped natural frequencies of this
system can be shown to be 1 = 3:7096 rad:=sec; 2o = 5:8426 rad:=sec; and Q23 = 7:4455 rad:=sec:
It should also be noted that the damping matrix is chosen such that the system is non—classically damped.

Here we discuss the results pertaining to three different instrument setup schemes. In the first case, all
the DOFs are instrumented with position sensors and there is only one actuator located on the second DOF
(i.e. X1(t), X2(t), and x3(t) are measured, F2(t) provides the excitation, and F;(t) = F3(t) = 0 V t). The
situation is reversed in the second case, in which instead all DOFs are excited by actuators, and only the
second DOF is instrumented with a position sensor (i.e. only X2 (t) is measured, and all actuators provide the
excitation). And finally we consider a test setup in which only the first two DOFs are excited by actuators,
and the last two DOFs are instrumented with position sensors (i.e. only X2(t) and X3(t) are measured, F1(t)
and F2(t) provide the excitation, and F3(t) = 0 V t). Note that in all cases the co-location is provided on
the second DOF. With regards to the discussions presented by these authors in the companion article Lus et
al. (2002b), it may be anticipated that (i) all three algorithms will provide the solution in the first case, (ii)
only Algorithm 2 and Algorithm 3 will provide the solution in the second case, and (iii) only Algorithm 3
will provide the solution in the third case.

In all scenarios, initial discrete time state space models are identified from general input/output data
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using the OKID/ERA approach. These discrete time models are then converted to their continuous time
counterparts, and then the algorithms discussed in the companion article are applied to these continuous
time first order models in order to retrieve the mass, damping, and stiffness matrices of the system. The next
sections present detailed discussions of the procedures involved in these algorithms and the results obtained

for the various scenarios.

3.1 Case of full set of sensors and one actuator
3.1.1 Algorithm 1

In this case a full set of sensors is available, and hence the transformation matrix T; can be evaluated easily
via
C 'Coyp
Ty=| ° )
C, 1CcpA

since C¢, ¢, and A are known from the identified state space model, and C,, is a 3 x 3 identity matrix. Once

the matrix T is evaluated, the state matrix in the displacement—velocity coordinates is obtained by

0 I )
= TlATl 5
-M 'K -M 'D
The undamped natural frequencies €2; and the arbitrarily scaled undamped modeshapes q?)l i=1;:::;N)
are evaluated using
M Kp, =2¢; i=1,2::N ©6)

in which the product M '/ is known from eq.(5). Table 2 presents the identified (751 (i = 1;2;3) for
the 3—-DOF example, in which the scaling is chosen such that all the eigenvectors have unit Euclidean
norm. As discussed in detail in section 3 of the companion paper (Lus et al., 2002b), we must recover the
mass normalized undamped modeshapes in order to construct the mass, damping, and stiffness matrices.

It was shown that the relation between the matrix of arbitrarily scaled modshapes (z and the matrix of

contains the scaling factors which must be obtained by employing the information in the columns of the
input matrix. The scaling factors for this case can be evaluated to be S = diag(0:797; 0:879; 1:084). With

these scaling factors, the mass normalized undamped modeshapes can be obtained via ¢ = (758 , and they
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are presented in Table 3. From this point on, the identification of the mass, damping, and stiffness matrices

is straight forward, since M = (¢¢T) ! and
D=-M(-M 'D); K=-M(-M 'K) (7

where (—M D) and (—M 'KC) are known partitions from eq.(5). The values of the identified mass,
damping, and stiffness matrices are presented in Table 4, and they are identical to those of the true system
(Table 1). Once the mass and the stiffness matrices are obtained, it is also possible to evaluate the undamped
natural frequencies (note that the frequencies were actually already obtained via eq.(6)); the identified values
for the frequencies are 21 = 3:7096 rad:=sec; (2o = 5:8426 rad:=sec; and 3 = 7:4455 rad:=sec;

which are identical to the natural frequencies of the true system, which were previously presented.

3.1.2 Algorithm 2

The initial stage in this algorithm is the transformation of the model in eqs.(3) to the McMillan form.
Once the McMillan form is obtained, the next step is to transform the new set of equations to the modal
displacement-velocity (MDV) coordinates. The transformation matrix we seek to find is partitioned as
To = NR, and in this scenario, the matrix R is chosen as the right singular vectors of the output matrix in
the McMillan form since there is a full set of sensors (the reader may recall from the discussion in section
4 of the companion paper (Lus et al., 2002b) that this decomposition is required to impose the mandatory
zero partitions in the first order input and output matrices). Once the matrix R is chosen, it is possible to
also evaluate some partitions of the matrix IN: in fact, by evaluating such partitions, it was discussed in the

companion paper (Lus et al., 2002b) that the problem boils down to the following two equations:

N Wy = —Q2Ny; (8)

N11Wa = —ENy; 9

in which Wy; and Wy are known matrices, N1, is the only partition of the matrix N (and hence also of

the whole transformation matrix Ty) that is still unknown, £ is the unknown modal damping matrix, and the

frequencies. As discussed in detail by Lus et al. (2002b), the undamped natural frequencies of the system

can be retrieved by solving the eigenvalue problem in eq.(8); however, the matrix N1; can not be uniquely
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identified since the eigenvectors can be arbitrarily scaled. The ratios of the unknown scaling factors for the
left eigenvectors in IN1; are determined by imposing the symmetry condition as discussed in section 4.2 of
the companion paper (Lus et al., 2002b); in fact, the rank of the matrix T defined in the aforementioned
section can be determined via its singular value decomposition, and the singular values of T obtained for
this case are 0:710, 0:360, and 8:5 x 10 4. The value 8:5 x 10 4 is clearly a numerical zero, and hence the
rank of the matrix T is 2 (i.e. N — 1 with N = 3), thereby indicating that all the modes of the underlying
second order model are coupled, which indeed is the case.

Once the ratios of the scaling factors are determined via the null-space vector, what remains unknown of
the transformation matrix T are the magnitudes of the scaling factors for the left eigenvectors of eq.(8).
These scaling factors, however, are determined simultaneously with the undamped modeshapes of the
second—order model. In fact, since for this case there is a full set of sensors available, the scaling factors and

the undamped modeshapes are determined using

$=(C,'C,)S (10)

'c,)'B (11)

The matrices C,, and B are constructed using the information about the sensor/actuator locations, and the
matrices C and B are constructed using the arbitrarily scaled left eigenvectors and are known at this points
(the reader is referred to the companion paper (Lus et al., 2002b) for further details). In this case, the scaling
factors are solved from eq.(11) and are then substituted in eq.(10) for the evaluation of the mass normalized
eigenvectors ¢. Note that, similar to the scaling factors for Algorithm 1, there is only one set of scaling
factors, and their values for this case are evaluated to be S = diag(13:4;13:4;13:4).

Once the mass normalized eigenvectors ¢ (which are identical to the mass normalized modeshapes
identified by Algorithm 1 as presented in Table 3) are obtained, the mass, damping, and stiffness matrices

are constructed using
M=(pp") s D=9 "€ 5 K=0¢ "% ' (12)

in which £ is evaluated from eq.(9) now that the scaling factors (and hence the matrix IN1;) are known. The
identified mass, damping, and stiffness matrices are exactly equal to those of the true system (Tables 1 and

4) and are not re—printed here.
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3.1.3 Algorithm 3

To present the steps involved in Algorithm 3, let us adopt the notation explained in section 5 of the com-
panion paper. We denote with M(k;:) and with M(:;1) the k?* row and the 1** column, respectively, of
a generic matrix M, and analogously, M(K; |) refers to the element on the k** row and on the I*" column
of the matrix M. The key point in Algorithm 3 is the evaluation of the transformation matrix T3 via the
co-location equation. Note that for this case, there is only one co—located sensor—actuator pair, and the co—
location requirement is given by C,,(2;:) = BT, or equivalently, by C,(2; :)¢» = (p” B)"'. Using the artifice
discussed by Lus et al. (2002b), the co—location equation can also be expressed in terms of the expanded
input and output matrices. In fact, since for this case there is a full set of sensors, the output matrix does not

change with this expansion (C;jJ = Cp), while the expanded input matrix becomes

000
BY=1010 (13)

000

Note that with this modification, the i*" column of the matrix B¥ actually refers to the actuator placed on
the i*" DOF. For the case under consideration, the co—location requirement can now be stated as C 5 (2;:

) = (T BF(:;2))T, and the transformation matrix is identified using
Cé(2:)¢ = (¢ 'BE(:2)"T5 (14)

in which Cg and Bg are the analogously expanded versions of the known matrices C¢ and B¢ of egs.(3).
Note that, since the transformation matrix T3 is diagonal, eq.(14) contains in fact 2N equations with 2N
unknowns. Once the transformation matrix T3 has been obtained (for this case, T3 = diag(3:3255 F
|0:2121;4:1444 =4 |9:3220; 43:357 + |22:339) with | = \/—1), the properly scaled eigenvalues can be
evaluated using

(€)) 'CopTy! = (15)

since Cf is square and full rank.

Table 5 presents the identified complex modes, which appear in complex conjugate pairs for the 3-DOF
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system. Using these eigenvectors, the mass, damping, and stiffness matrices are constructed via

M = (pAyp") 1 (162)
D = —MypA2YpTM; (16b)
K=—-(yA 97 ! (16¢)

The mass, damping, and stiffness matrices obtained with Algorithm 3 are identically equal to the true values
of the related quantities (Table 1). Furthermore, using the identified mass and stiffness matrices, we can also
obtain the undamped natural frequencies and modeshapes, and it should be noted that these quantities are

also identical to their true counterparts.

3.2 Case of 3 actuators and 1 sensor
3.2.1 Algorithm 1

When a full set of sensors is not available, Algorithm 1 can not provide the solution. This can be easily seen
by inspecting eq.(4); in this scenario the second order output matrix C,, is not a square matrix and hence can

not be inverted, and consequently the transformation matrix T; can not be identified.

3.2.2 Algorithm 2

As opposed to Algorithm 1, Algorithm 2 can still provide a solution in this case. The initial transformation
to the McMillan normal form is similar to section 3.1.2; however, now the matrix R is constructed using
the left singular values of the input matrix of the McMillan form, since in this case the input matrix is of
full rank whereas the output matrix is not. The algorithm, from this point on, proceeds analogous to the
discussion in section 3.1.2. In this case, the singular values of the matrix T are obtained as 0:2886, 0:1830,
and 2:3 x 10 19, and the rank is once again 2, indicating coupling between all second—order modes.
Another difference between the first case (3 sensors and 1 actuator) and this case becomes apparent
when we try to identify the scaling factors and the undamped modeshapes. Since now the second—order

input matrix is of full rank, the scaling factors are obtained via

¢= (BB HTs ! (17)

C,=C,(BB H)Ts ? (18)
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in which the scaling factors are solved from eq.(18) and are then substituted in eq.(17) for the evaluation
of the mass normalized eigenvectors ¢». Also in this case the identified values for the mass normalized
eigenvectors of the 3-DOF system are identical to those presented in Table 3. The scaling factors identified
in this case are S = diag(13:78; 13:78;13:78). Here we should note that the singular values of T and the
scaling factors in & obtained in this case are different from those presented in section 3.1.2 because the
initial state space models are different for these two cases. This, however, clearly has no effect on the mass,
damping, and stiffness matrices identified in this case (once again via eq.(12)), because they are identical to

those presented in Tables 1 and 4 (they are not reprinted here due to space restrictions).

3.2.3 Algorithm 3

Similar to Algorithm 2, Algorithm 3 can also provide a solution for this case. The difference with regards
to section 3.1.3 is that now the expanded input matrix is equal to the true input matrix (i.e. (B¥ = B), but

the expanded output matrix becomes

000
ci=1010 (19)

000
since there is a full set of actuators, but only one sensor. The co-location requirement for this case is
C, = B(:;2)T, or equivalently, CE(Z; Y = (pTBE(;;2))T. Once, however, the co-location equation
is obtained, the transformation matrix can be identified via eq.(14), and for this case it is evaluated to be
T3 = diag(0:14306 F | 4:2444; 2:6325 + |4:1819; 1:6175 F |4:5774). Note that these values are different
from the transformation matrix presented in section 3.1.3, the reason being the difference between the initial
state space model of this section and that of section 3.1.3. Since the input matrix is full rank, the required

complex eigenvectors can be evaluated via
Tse 'BeB ' =" (20)

The identified complex modes for the 3—-DOF system once again appear in complex conjugate pairs
and are identical to those presented in Table 5. Using these eigenvectors, the mass, damping, and stiffness
matrices are once again constructed via eq.(16) and, as to be expected, they are identical to those presented

in Tables 1 and 4.
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3.3 Case of 2 sensors and 2 actuators
3.3.1 Algorithm 1

A solution can not be obtained with Algorithm 1, since also in this scenario a full set of sensors is not

available.

3.3.2 Algorithm 2

Since neither a full set of sensors nor a full set of actuators are available in this test setup, Algorithm 2
can not provide the solution either. In fact, since neither the input nor the output matrices in the McMillan
representation are full rank (i.e. their ranks are less than N), the matrix R can not be constructed to impose

the necessary zero partitions, and hence the transformation matrix Ts can not be identified.

3.3.3 Algorithm 3

The only algorithm that can provide a solution in this scenario is Algorithm 3. To see that the transformation
matrix and the required eigenvectors can still be identified, let us start by expanding the input and output

matrices to yield

000 100
cl=1o10;B"=1010 1)
001 000

and note that the co—location equation can once again be written as C5(2; )y = (7 BE(:;2))7. As in the
previous cases, once the co—location equation is obtained, the matrix T3 is constructed using eq.(14): in this
case, T3 is evaluated to be T3 = diag(1:1295 F|3:0008; 7:852 + | 0:8143; 0:4076 | 4:4971). It is different
from those presented in sections 3.1.3 and 3.2.3 since the initial state space model of this case is different
from those of the aforementioned sections.

Since neither the output nor the input matrix is full rank, we can not use eq.(15) or (20); however, since
all the DOFs are instrumented with either a sensor or an actuator, the rows of the eigenvector matrix 1) can

be identified either from

Cl(i; ) =(i; ;) = CE(i; )Ty ' fori =2;3 (22)
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for the rows corresponding to the DOFs with output sensors, or from
(WWTBE(iI)NT = (i 1) = (Tse 'BECG;i)T fori =1;2 (23)

for the rows corresponding to the DOFs with actuators (note that the row corresponding to the second
DOF can be identified from either (22) or (23) due to the sensor/actuator co—location). Since all DOFs
are instrumented with either a sensor or an actuator, all the rows of the matrix @ can be identified, and
these eigenvectors are identical to those presented in Table 5. The mass, damping, and stiffness matrices
can once again be constructed via eqs.(16); the identified values for these matrices and the corresponding
natural frequencies are exactly identical to those of the true system (hence not presented here due to space
restrictions). It should once again be emphasized that this algorithm is the only one, among the three

algorithms discussed in this study, that can provide the solution for this scenario.

4 Effects of noise on the identified parameters

Having established a basis for the capabilities and limitations of the algorithms, we are now ready to discuss
the effects of measurement noise on the performance of these methodologies. In order to get statistically
meaningful and interpretable results, we perform Monte Carlo type simulations on the 3-DOF system of
section 3. In this section, however, we assume that a long duration pulse response data in the form of
acceleration measurements is available at each mass, i.e. the accelerations are measured at all the DOFs,
and that the response of the structure is due to unit pulses applied at DOFs 1 and 2 only (note that with
this set-up, all three algorithms are applicable). The output data is then polluted with Gaussian, zero-mean,
white noise sequences, whose root—-mean—squared (RMS) value is adjusted to be a certain percentage of the
unpolluted time histories to simulate various noise—to—signal ratios. The noise levels we consider are 5%,
6%, 7%, 8%, 9%, and 10%; at each noise level, the pulse response data is polluted with 500 different noise
patterns, and each of these polluted time histories are used to identify a discrete time state space model with
ERA.

Therefore, the first issue we have to address concerns the effects of noise on the identified discrete time
poles of the system. Table 6 presents the actual and the identified mean values of the system’s discrete
time poles. It can clearly be seen that the identified mean values (for all noise levels considered) are almost

exactly equal to the actual values; in fact, the errors in the identified mean values are much less than 1%.
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Furthermore, the coefficients of variation (standard deviation/mean) of the identified samples, which are
presented in Table 7 show that the samples are distributed very closely around the exact values. Consid-
ering that the success of the algorithms discussed in this study is very much dependent on the successful
identification of the first order model, with these results we feel that the ERA approach is quite suitable for
providing reliable first—order representations of the system.

Since the 3—DOF system discussed in this analysis has sensors at all DOFs and there are two co—located
sensor—actuator pairs, all the algorithms are capable of estimating the second order parameters. In this
context, the first set of results we discuss are the identified mean values for the mass, damping, and stiffness
matrices using all three algorithms. Figures 2, 3, and 4 concisely present the identified mean values for all
the coefficients in these matrices for all the noise levels considered. From these plots, it can be inferred
that all three algorithms provide excellent estimations in terms of the mean values for the mass and stiffness
matrices, since the maximum error in the identified mean values for any one of these algorithms at any of
the noise levels is less than 1%. For all the algorithms, the greatest errors seem to be in the damping matrix
estimates, and this issue needs further clarification. Since the frequencies, and hence the discrete time
poles of the system, and the relative magnitudes of the modeshape components are directly related to mass
and stiffness matrices (and vice versa), the mass and stiffness matrices can, in general, be identified quite
successfully; in fact, all three algorithms provide very good estimates for the undamped natural frequencies
of the system. The phase relations between the components of the complex eigenvectors, however, are
almost invariably much harder to obtain accurately, and this issue was discussed previously by the authors
(see, e.g., Lug et al. (2002)). The damping matrix is very sensitive to the phase relations between the
components of the complex eigenvectors, and hence it will generically be in greater error than the mass or
the stiffness matrices. Also note from Fig.3 that the errors for Algorithm 2 are significantly larger than those
obtained by the other two algorithms. This issue is closely related to the symmetry condition requirement
that was discussed in section 4.2 of the companion paper (Lus et al., 2002b); in fact, it was hinted there
that in the presence of noise, the symmetry condition would essentially be violated. These plots, therefore,
confirm the concerns expressed in the aforementioned discussion. It should be noted that this problem can
be treated effectively by an optimization procedure as discussed by Lus (2001); however, since here we
do not consider any possible refinements to any of the other algorithms, we refrain from any alternative

formulation also for Algorithm 2.
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The performances of the algorithms at high noise levels deserve a more detailed investigation. To this
end, we consider the distribution of the identified samples for the 10% noise level, and present the estimated
probability density functions of the identified samples for the coefficients in the mass, damping, and stift-
ness matrices in Figures 5, 6, and 7. It can clearly be seen that the estimates do highly resemble Gaussian
distributions with mean values very close to the true values, and standard deviations that are relatively quite
small. One exception to this is the damping estimates by Algorithm 2, for which some of the distributions
can be seen to be non-Gaussian with tails. This inconsistency is once again due to the ineffective symmetry
condition, and may be treated with an alternative optimization formulation. An interesting note on the damp-
ing matrix estimates is the observation that only Algorithm 3 can guarantee a symmetric damping matrix, as
evidenced by identical distributions corresponding to symmetric off—diagonal coefficients. For Algorithm
1, there is no freedom left to impose the symmetry of the damping matrix by the time it is evaluated, and
hence it may be that one obtains asymmetric estimates for damping matrices that are in fact symmetric. For
Algorithm 2, the symmetry is theoretically imposed, but the perturbations due to noise generally make this
enforcement invalid. On the other hand, Algorithm 3 always returns a symmetric damping matrix since this
condition is embedded in the derivations, i.e. eqs.(16), employed to create the second order matrices.

The claim that the mean values are very close to the actual ones can be more easily validated by an
inspection of Tables 8, 9, and 10, which present the relative errors (percentage wise) in the identified mean
values for the mass, damping, and stiffness estimates for all three algorithms. It can once again be seen that
all the algorithms provide very satisfactory estimates of the mass and stiffness matrices, since the maximum
relative error is less than 1%. Even though the mean value estimates of Algorithm 1 and Algorithm 3 for
the damping matrix are still very good, the estimates of Algorithm 2 are in significantly larger errors for
the reason previously discussed. Furthermore, the coefficients of variation (standard deviation/mean) of the
identified samples, which are presented in Tables 11, 12, and 13, are relatively quite small for the mass and
stiftness matrices, hinting that the distributions are indeed closely packed around the exact values. The coef-
ficients for the damping matrices, however, are much larger compared to the other two, and this observation
seems to be supporting the general claim that the identification of the damping matrix is generally harder

than the mass or the stiffness matrices.
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5 Effects of Modal Truncation in the Presence of Noise

In reality, one is likely to encounter a test setup in which one works with a system that has many degrees
of freedom (in fact, all continuous systems theoretically have infinite DOFs), can not identify all the modes,
and has some number of sensors and actuators not necessarily equal to the number of identified modes
or the DOFs of the system being tested. In order to simulate such a case, here we present the results of
an analysis conducted on a 120 DOF finite element model of a classically damped 4 story building. The
input—output data used in this study is generated via the program that can be downloaded from the website
“http://www.tbcad.com/paullam/ascebenchmark.asp”. This model is in fact a case study in the benchmark
problem proposed by the ASCE Task Group in Health Monitoring; therefore it is quite a complex and
complete model. For example, the mass distribution in the slabs is not symmetric such that torsional modes
are also excited, and the building is not a simple shear type model.

The model is such that there are 4 accelerometers (two along each horizontal direction) located on each
floor, and the system is excited with an actuator located along the diagonal of the fourth floor slab. Therefore
there are 16 output sensors and a single independent actuator, and Fig.8 shows a schematic drawing of the
model, the location of the output sensors (white arrows), and the location of the actuator (black arrow).
In order to simulate noise, the output measurements are polluted with 10% white noise sequences at each
channel.

We initially identify a state space model with 16 outputs and 1 input. It is important to note here that,
as the input to our state space model identification procedure, we used the time history of the component
of the force along the +Y direction. This is in part due to the fact that such a choice allows us to write the
co-location requirement more easily, as will be discussed in greater detail later on. Moreover, when we
decompose the force into its X and Y components, it is enough to use only one of them (say the component
along the y direction) in the identification of the state space model, since in this case these two components
differ only by a minus sign, and hence contain essentially no new information; i.e. if the component of
the force along the y direction is denoted by f (t), then the component of the force along the X direction is
nothing but —f (t).

The state space model we identify contains 12 second order modes even though the system actually has

120 modes. This is mostly due to the fact that the level of noise is slightly high, and that the contributions



Lus et al.,Part 11 October 2, 2002 16

of the higher modes to the response of the structure remain below the noise level. Noting that we have 16
output sensors and only 12 modes, it is apparent that the algorithms we have discussed can not be directly
applied to the model at hand. To overcome this obstacle, we choose to modify the identified output matrix so
that we define a new set of responses using the available outputs. This modification is done in the following
fashion: Let X, Y;, and ©; denote the acceleration along the X and Yy axis and rotational acceleration about
the z axis, respectively, of the i*” floor at/about its geometric center. If we treat the floor slabs as rigid
bodies, then X, Y;, and ©; can be estimated by averaging the sums and differences of the output sensors
located on the i floor; this is possible since the geometry of the model is known. Furthermore, we can

arrange these new outputs in such a way that the new output vector is defined as
y(t):[X1-~-X4Y1~-Y4G)1--~@4]T 24)

Algebraically, this amounts to pre—multiplying the identified output matrix, of dimensions 16 x 24, with a
transformation matrix such that the new output matrix in state space coordinates has dimensions 12 x 24.
This transformation in essence allows us to write the equations of motion (and hence the matrices of the
second order model) at the geometric center at each floor, and it should be noted that other choices of
location are possible with appropriately defined transformation matrices for the new sets of outputs. With
the modifications we have employed in the input and output, the second order input and output matrices may

be written as

-100000000000- _0-
010000000000 0
001000000000 0
000100000000 -1
000010000000 0
. = 000001000000 B= 0 25)
000000100000 0
000000010000 1
000000001000 0
000000000100 0
000000000010 0
1000000000001 | | 0 |

where, for simplicity, we have not included the expanded versions of these two matrices. There are two

points that should be noted at this juncture: (1) Since we have a full rank output matrix, all three algorithms
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can obtain solutions (i. e. mass, damping, and stiffness matrices of sizes 12 x 12), and (2) The co—location
requirement may be written as

Ca(8;:) —Cu(4;:) =BT (26)

which represents a slight modification of the strict co—location requirement.

In this case, since the true system matrices are of dimensions 120 x 120 and the identified mass, damping,
and stiffness matrices are of dimensions 12 x 12, a one—to—one comparison of the identified parameters is
not possible. Instead, let us try to see what the identified mass—damping—stifness models represent in terms
of the system’s dynamics. Table 14 presents the actual and identified values for the undamped natural
frequencies. In this table, the column labelled “Actual” contains the lowest 12 undamped frequencies of
the 120 DOF model, and the columns labelled “Alg. 17, “Alg. 2”, and “Alg. 3” contain, respectively, the
undamped frequencies of the 12 DOF systems identified with the algorithms discussed in this paper. It can
be clearly seen that the mappings from the state space model to the second order models have successfully
uncoupled the effects of damping from the undamped frequencies, and that the contribution of the lowest 12
modes to the response of the 120 DOF model has been successfully captured in these smaller dimensional
second order models. Moreover, in Fig.9 we present the undamped modeshapes that are evaluated using
the mass and stiffness matrices identified with each algorithm. The fact that the estimates for the undamped
modeshapes obtained with the three algorithms are very close suggests that the algorithms have performed
quite similarly in terms of constructing mass and stiffness matrices for the 12 DOF models (although not
presented due to space restrictions, it should be mentioned that all algorithms have constructed very similar
mass and stiffness matrices). The biggest difference, however, in the performance of the algorithms emerges
in the identified damping matrices. Fig.10 shows surface type plots for the elements of the modal damping
matrices in modal coordinates of the second order models identified with the three algorithms. From these
plots, it can be seen that (1) only Algorithm 3 has identified a symmetric damping matrix, and Algorithms
1 and 2 have identified non—symmetric damping matrices, and (2) the identified 12 DOF systems are not
classically damped even though the actual 120 DOF system was. As discussed in more detail in the previous
section, damping matrices are the coefficients that are most affected from noise: this phenomena is mainly
because noise distorts the phase information in the complex modeshapes, and such a distortion directly
translates itself to a change in the damping structure of the model. Therefore, the estimates for the damping

matrices should be handled with more care than the estimates for the mass and stiffness coefficients.
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This example, however, has demonstrated that it is possible to modify the algorithms and/or the iden-
tified state space model(s) such that it is possible to identify second order mechanical models using the
algorithms discussed in this article even in cases with modal truncation and/or alternative sensor—actuator
setups. Depending on the type of test up, the identified second order models may not directly contain the
second—order coefficients of the “true” large order system being investigated. It can be deduced from this
example, however, that by employing the algorithms discussed in this article, it may be possible to estimate
undamped modal parameters of the underlying system with high accuracy. Furthermore, the identified sec-
ond order models may be used, for example, to identify damage in a structure within the constraints imposed
by the sensor—actuator setup. Such a discussion have recently been presented by the authors in the context

of Algorithm 3 (Lus et al., 2002c).

6 Discussions of the Results

Based on the foregoing discussions and results, the following comments should once again be clarified

and/or emphasized:

(i) Theoretically, Algorithm 3 presents the most general solution to the inverse vibration problem among
the algorithms discussed herein in terms of the sensor/actuator requirements. In fact, it has been
demonstrated in sections 3.3 and ?? that it can provide solutions in cases where the other two al-
gorithms fail to, since Algorithm 1 requires a full set of sensors, and Algorithm 2 requires either a
full set of sensors or a full-set of actuators. It is noteworthy that the requirement for the number of
sensors/actuators is essential to the identification of the transformation matrices for Algorithms 1 and
2, whereas for Algorithm 3, the transformation matrix (i.e. the scaling factors) can be identified with
a single co-located sensor/actuator pair, independent of the total number of instruments.The restric-
tion in Algorithm 3 is related to the formulas that are used to obtain the mass, damping, and stiffness

matrices from the identified complex poles and modeshapes.

(ii) In terms of implementation, Algorithm 3 is the most straight forward method. The only computa-
tionally intensive requirement in Algorithm 3 is the eigen—decomposition of a 2N x 2N matrix for
the initial state—space model of eqs.(2), and the rest of the procedure requires either scalar multipli-

cations or matrix multiplications. Algorithm 1 is similar to Algorithm 3 in terms of computational
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(iii)

(iv)

(v)

complexity, but with an additional eigen—decomposition of an N x N matrix while solving for the
undamped modeshapes which are required to estimate the mass matrix. The difference between these
two algorithms stems from the fact that Algorithm 1 works with the asymmetric formulation of the
DV basis, whereas Algorithm 3 works with the symmetric formulation of the DV basis. Algorithm
2, on the other hand, is by far the most computationally intensive algorithm, since while it requires
almost all the steps involved in Algorithm 1, it further requires the singular value decomposition of an
N x 2N (or 2N x N) matrix in the initial stages, and the singular value decomposition of an N 2 x N
matrix whilst imposing the symmetry condition for the damping matrix in modal coordinates. All
algorithms require inversion of N x N matrices in their final stages, which adds other computational

costs to those mentioned above.

The successful identification of the initial state space model is extremely important for the success of
any of these algorithms. The important quantities in this context are the discrete (and hence contin-
uous) time poles of the second order system, and the complex eigenvectors (both in terms of relative
magnitude and phase information). Since all algorithms start from the same state space model, the
differences in the mass, damping, and stiffness estimates are due only to the way each of them handles

the information embedded in the poles and complex eigenvectors of the first order model.

In terms of the success of each of the algorithms, it can be argued that all of them perform quite satis-
factorily and that their error bounds are quite similar. The exceptions to this argument are the damping
estimates obtained via Algorithm 2; it was noted, however, that these estimates can be improved as
discussed by Lus (2001). On the other hand, this improvement would add an additional complexity to
the already computationally intensive method, and may not be suitable for large scale systems. Note
that a large portion of the success of these algorithms is due to the impressive success of the ERA and

OKID algorithms, which have produced excellent results in terms of the first order realizations.

The results presented in the previous section indicate that the errors in the estimates of the second—
order parameters are relatively larger than the errors in the system’s discrete time poles. One of the
main problems that contribute to this phenomena is the difficulty of identifying the phase information
in the complex eigenvectors with high accuracy. In fact, the noise perturbations affect the phase

information most directly, and almost always causes artificial coupling between second order modes
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even for classically damped systems. The fact that the damping estimates are in larger error than the

mass and stiffness estimates is also mainly due to this problem.

(vi) Itshould be clarified that the discussions employed in this study are for a specific problem and test set—
up. When working with large—scale or inherently non—discrete systems, it is rarely the case that the
number of identified modes is equal to the number of DOFs and that there is either a full set of sensors
or actuators (or, for that matter, that all DOFs are instrumented with either a sensor or an actuator).
Therefore, for a complete discussion of the inverse vibration problem, issues such as identifiability
and reduced order modeling must be addressed in great detail, but such issues are beyond the scope

of this work and they will be investigated in future studies.

7 Conclusions

In this article, the authors have presented a detailed analysis regarding the implementation of the three identi-
fication algorithms discussed in the companion paper by Lus et al. (2002b). These algorithms, representative
of some major trends in this area of study, allow the identification of the physical parameters of structural
and mechanical systems (mass, damping, and stiffness matrices of the finite element model) starting from
an identified first—order model. The major difference between these three algorithms is represented by the
different requirements they impose on the number of sensors/actuators. In fact, while all three algorithms
can provide the solution with a full set of sensors, only Algorithm 3 can provide the solution when there is
neither a full set of sensors nor a full set of actuators available. Moreover, in this study a through investiga-
tion of the effects of noise perturbations on the identified physical parameters has been presented with the
help of a Monte Carlo type analysis, and statistically meaningful interpretations have been provided.

It is the authors’ belief that this work has filled an important void in the literature, since more and
more scholars are beginning to work with alternative formulations in modeling structural dynamics, and
the modeling of structural systems using state space realizations is definitely one of the important topics
in this context. The so—called inverse vibration problem is the important link between the first order state
space realizations and the physically interpretable finite element formulation which is more popular in the
engineering design community. In this respect, this two—part study has hopefully provided a better under-

standing of the theoretical problems and of the performances of some of the most prominent algorithms,



Lus et al.,Part I1 October 2, 2002 21

including their implementation and limitations. It is hoped that this work will be a solid starting point in
dealing with various other important issues regarding the identification of second—order models from iden-
tified state space realizations, such as reduced order modeling, and/or the applicability of this framework to

health monitoring of structures.
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Table 1: Mass, damping, and stiffness matrices for the 3—-DOF system of Figure 1

Mass Damping Stiffness
0.80 0.00 0.00 | 050 -0.10 -0.20 | 40.00 -10.00 -10.00
0.00 2.00 0.00 |-0.10 0.70 -0.30 | -10.00 40.00 -10.00
0.00 0.00 1.20|-0.20 -0.30 0.60 | -10.00 -10.00 40.00

Table 2: Arbitrarily scaled second—order undamped modeshapes for the 3-DOF system of Figure 1 obtained

with 3 sensors and 1 actuator via Algorithm 1.

Table 3: Mass normalized second—order undamped modeshapes for the 3-DOF system of Figure 1 obtained

431 (?52 ‘133
0.432 | 0.336 | -0.943
0.749 | -0.418 | 0.088
0.503 | 0.844 | 0.322

with 3 sensors and 1 actuator via Algorithm 1.

Table 4: Mass, damping, and stiffness matrices for the 3—DOF system of Figure 1 obtained with 3 sensors

and 1 actuator via Algorithm 1

oh) ¢y ®3
0.344 | 0.296 | -1.022
0.597 | -0.367 | 0.095
0.401 | 0.742 | 0.350

Mass Damping Stiffness
0.80 0.00 0.00 | 050 -0.10 -0.20 | 40.00 -10.00 -10.00
0.00 2.00 0.00 | -0.10 0.70 -0.30 | -10.00  40.00 -10.00
0.00 0.00 1.20|-0.20 -0.30 0.60 | -10.00 -10.00  40.00
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Table 5: Properly scaled complex modeshapes (amplified by a factor of 100 for presentation) for the 3—

DOF system of Figure 1 identified with 3 sensors and 1 actuator via with Algorithm 3. Note that all the

eigenvectors appear in complex conjugate pairs.

Y15,

Yo; Py

P35 P

—9:0429 F | 8:8345
—15:335 F | 15:652
—10:756 F | 10:091

6:4304 + | 5:7816
—7:9981 | 7:2486
14:958 + | 15:749

18:584 + | 18:895
—1:5134 + 1:9716
—6:8250 7 ]6:0118
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~

Table 6: Actual and identified mean values (for various noise levels) for the real (%( ;)) and imaginary
Az‘

(3( 4)) parts of the discrete time eigenvalues (AZ-, one of each complex conjugate pair). The first order

system is identified with ERA using noise polluted pulse response data.

Actual Noise Level
5% 6% % 8% 9% 10%
8%(/\1) 0.914527 | 0914526 0.914532 0.914530 0.914536 0.914527 0.914527
§R(A2) 0.944280 | 0.944276 0.944281 0.944283 0.944278 0.944279 0.944277
§R(A3) 0.978799 | 0.978798 0.978797 0.978795 0.978794 0.978798 0.978796
%(Al) 0.356546 | 0.356544 0.356549 0.356544 0.356547 0.356539 0.356545
%(AQ) 0.283616 | 0.283614 0.283615 0.283617 0.283622 0.283620 0.283621
S(Ag) 0.183654 | 0.183654 0.183653 0.183654 0.183655 0.183654 0.183654

Table 7: Coefficients of variation (%) of the identified samples (for various noise levels) for the real (R( ;))
and imaginary (3( ;)) parts of the discrete time eigenvalues ( ;, one of each complex conjugate pair). The

first order system is identified with ERA using noise polluted pulse response data.

Noise Level

5% 6% % 8% 9%  10%

=3

0.008 0.009 0.011 0.014 0.014 0.017

—_— o~ o~ = < X<
w
~—_— —  ~— Y~ ~—

0.019 0.024 0.028 0.029 0.033 0.039
0.006 0.007 0.009 0.010 0.012 0.013

0.020 0.024 0.029 0.033 0.037 0.041

&

0.002 0.002 0.002 0.003 0.003 0.003

&

0.008 0.010 0.012 0.013 0.016 0.017

&l
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Table 8: Percentage errors in the mean values of the identified samples for the mass, damping, and stiffness

coefficients via Algorithm 1. The estimates for the coefficients are obtained at 10% RMS noise level. The

‘~’ entries in the tables correspond to coefficients for which the true values are 0.

Mass Damping Stiffness
-0.0670 - - -0.0670 -1.3161 0.2899 | -0.0606 -0.2128 0.5078
- 0.1873 - -0.1425  0.0520 0.4901 | -0.2128 0.1778 0.5767
- - 0.2505 | 0.3499 0.1659 0.5216 | 0.5078  0.5767 0.3429

Table 9: Percentage errors in the mean values of the identified samples for the mass, damping, and stiffness

coefficients via Algorithm 2. The estimates for the coefficients are obtained at 10% RMS noise level. The

‘~’ entries in the tables correspond to coefficients for which the true values are O.

Mass Damping Stiffness
-0.0563 - - -2.0456  13.6791 -12.2754 | -0.0472 -0.1897 0.5364
- 0.1734 - -52.2672  -1.2582  11.7040 | -0.1897  0.1709 0.6102
- - 0.2558 | 29.5585 -8.3597 3.9444 | 0.5364 0.6102 0.3524

Table 10: Percentage errors in the mean values of the identified samples for the mass, damping, and stiffness

coefficients via Algorithm 3. The estimates for the coefficients are obtained at 10% RMS noise level. The

‘~’ entries in the tables correspond to coefficients for which the true values are 0.

Mass Damping Stiffness
-0.0438 - - 0.7358 0.8018  2.0539 | -0.0375 -0.1892 0.5668
- 0.1832 - 0.8018  0.0305 -0.0373 | -0.1892  0.1849 0.6832
- - 0.2844 | 2.0539 -0.0373 0.2994 | 0.5668 0.6832 0.3882
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Table 11: Coefficients of variation (%) of the identified samples for the mass, damping, and stiffness coef-
ficients obtained via Algorithm 1. The estimates for the coefficients are identified at 10% RMS noise level,

and the ‘—’ entries in the tables correspond to coefficients for which the true values are 0.

Mass Damping Stiffness
0.567 - - 1.793 -10.453 -4.070 | 0.601 -2.339 -2.197
- 0.737 — | -37.203 3365 -6.523 | -2.339  0.724 -2.663
- - 1.144 | -9895 -7.642 2713 | -2.197 -2.663 1.348

Table 12: Coefficients of variation (%) of the identified samples for the mass, damping, and stiffness coef-
ficients obtained via Algorithm 2. The estimates for the coefficients are identified at 10% RMS noise level,

and the ‘-’ entries in the tables correspond to coefficients for which the true values are 0.

Mass Damping Stiffness
0.937 - - 6.841 -258.749 -52.470 | 1.012 -2.113 -2.881
- 0.736 — | -19.430 4762 -14.519 | -2.113  0.750 -3.045
- - 1214 | -19337  -20.501 10.408 | -2.881 -3.045 1478

Table 13: Coefficients of variation (%) of the identified samples for the mass, damping, and stiffness coef-
ficients obtained via Algorithm 3. The estimates for the coefficients are identified at 10% RMS noise level,

and the ‘—’ entries in the tables correspond to coefficients for which the true values are 0.

Mass Damping Stiffness
0.872 - - 9.550 -18.471 -16.844 | 0.945 -2.082 -2.856
- 0.739 — | -18471 10943 -19.649 | -2.082 0.750 -3.049
- - 1232 -16.844 -19.649 14.676 | -2.856 -3.049 1.496
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Table 14: Actual and identified undamped natural frequencies (H z:) for the 120 DOF system of Figure 8.

Actual

Alg. 1

Alg. 2

Alg. 3

7.994

7.994

7.994

7.992

8.812

8.812

8.812

8.812

13.851

13.852

13.852

13.874

22.224

22.225

22.225

22.230

24718

24718

24.718

24.726

35.776

35.7717

35.777

35911

38.838

38.839

38.839

38.948

41.714

41.714

41.714

42.462

46.681

46.681

46.681

46.703

54.674

54.674

54.674

55.664

62.043

62.052

62.052

62.334

79.068

79.069

79.069

79.156
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Figure 1: 3-DOF system.
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Identified Mean Values for the Elements of the Mass Matrix

M(1,1) M(1,2) M(1,3)
0.805 0.01 0.01
0.800 $——t—p— = I oo o= 0.004————————
0.795 -0.01 -0.01
5 6 7 8 9 10 5 6 7 8 9 10 5 6 7 8 9 10
M(2,1) M(2,2) M(2,3)
0.01 2.01 0.01
0.00 & e & & 2.00 0.00
-0.01 1.99 -0.01
5 6 7 8 9 10 5 6 7 8 9 10 5 6 7 8 9 10
M(3,1) M(3,2) M(3,3)
0.01 0.01 1.21

|

0.004———5—5—1 0.00 1.20
~0.01 -0.01 119
5 6 7 8 9 10 5 6 7 8 9 10 5 6 7 8 9 10

Figure 2: Identified mean values of the mass matrix coefficients for various levels of noise. In these plots, *-0-’
denotes the results obtained via Algorithm 1, ’-+-’ denotes the results obtained via Algorithm 2, and *—[]—’ denotes
the results obtained via Algorithm 3. M(i,j) denotes the coefficient on the i" row and the j ?* column of the mass

matrix.
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Identified Mean Values for the Elements of the Damping Matrix

D(1,1) D(1,2) D(1,3)
0.52 -0.16
0.51 -0.09 018
0.50 -0.10fF—t———t———] 0.20p—s—g—p—p——
o.49\ O[T ] 02
0.48 -0.12 -0.24
5 6 7 8 9 10 5 6 7 8 9 10 5 6 7 8 9 10
D(2,1) D(2,2) D(2,3)
~0.04 0.71 -0.26
~0.06 -0.28
-0.08 0.70 ~0.30F o
_0.10 * ° - 4? /x/ _0'32\\\\\
-0.12 -0.34
5 6 7 8 9 10 0 5 6 7 8 9 10
D@3,1) D(3 2 D(@3,3)
-0.18 -0.27 0.64
-0.20¢——e—g—=28—5— -0.28
-0.22 -0.29
0.60
-0.24 -0.30,’>T\f/w — T
-0.26 -0.31 0.58
5 6 7 8 9 10 5 6 7 8 9 10 5 6 7 8 9 10

Figure 3: Identified mean values of the damping matrix coefficients for various levels of noise. In these plots, *-0-’

—[—" denotes

denotes the results obtained via Algorithm 1, ’-+-’ denotes the results obtained via Algorithm 2, and ’
the results obtained via Algorithm 3. D(i,j) denotes the coefficient on the i*" row and the j ¥ column of the damping

matrix.
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Identified Mean Values for the Elements of the Stiffness Matrix

K(1,1)
401
39.9
5 6 7 8 9 10
K(2,1)
9.90
N—‘ﬁ
10.0 |
10.1
5 6 7 8 9 10
K(3,1)
-9.90
-10.0,

-10.1
5

6 7 8 9 10

K(1,2) K(1,3)
L e
100 _10.0{\9\M
-10.1 -10.1
5 6 7 8 9 10 5 6 7 8 9 10
K(2,2) K(2,3)
40.1 -
00 - OOtM
39.9 -10.1
5 6 7 8 9 10 5 6 7 8 9 10
K@3,2) K@3,3)
-9.90 40.3
-1 O'Ot\W\ 40,0"/M
39.7

-10.1
5

10 5 6 7 8 9 10

Figure 4: Identified mean values of the stiffness matrix coefficients for various levels of noise. In these plots, *-0-’

denotes the results obtained via Algorithm 1, ’-+-’ denotes the results obtained via Algorithm 2, and *—[]—’ denotes

the results obtained via Algorithm 3. K(i,j) denotes the coefficient on the i*" row and the j ** column of the stiffness

matrix.
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Estimated PDFs for the Mass Matrix Coefficients, Noise Level 10 %

M(,1)
110
— Alg.1
— — Alg.2
- Alg.3
— Act.
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1
0
0.76 0.82 0.84
150
75
o A
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140
70
0 -
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25

80
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140

70
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0 | |
-0.04 -0.02 O 0.02

0.04

80

40

50

0.1

25

1.3

Figure 5: Estimated probability density function (PDF) plots for the mass matrix coefficients for 10% RMS noise

level. M(i,j) denotes the coefficient on the

ith

each plot denotes the true value of the related coefficient.

row and the j ** column of the mass matrix, and the solid vertical line in
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Estimated PDFs for the Damping Matrix Coefficients, Noise Level 10%
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0 e
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Figure 6: Estimated probability density function (PDF) plots for the damping matrix coefficients for 10% RMS noise

level. D(i,j) denotes the coefficient on the i*” row and the j " column of the damping matrix, and the solid vertical

line in each plot denotes the true value of the related coefficient.
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Estimated PDFs for the Stiffness Matrix Coefficients, Noise Level 10 %

K(1,1) K(,2) K1,3)

3 3 3

— Alg.1

— — Alg.2 :

Alg.3 It

— Act. ]
2
1
0
38 41 42

0
-1 -105 -10 -95 -9

Figure 7: Estimated probability density function (PDF) plots for the stiffness matrix coefficients for 10% RMS noise
level. K(i,j) denotes the coefficient on the i " row and the j th column of the stiffness matrix, and the solid vertical line

in each plot denotes the true value of the related coefficient.
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Figure 8: 120 DOF model with acceleration sensors (white arrows, four on each floor) and a single actuator.
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Figure 9: Estimates of the undamped modeshapes identified with the three algorithms. In these plots, *-0-’ denotes

the results obtained via Algorithm 1, ’-+-’ denotes the results obtained via Algorithm 2, and ’—[J—" denotes the results

obtained via Algorithm 3.
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Figure 10: Identified damping matrices in the modal coordinates of the second order models for all three algorithms.



